We revisit the pointer-based measurement concept of von Neumann which allows us to model a quantum counterpart of the classical time-of-flight (ToF) momentum. Our approach is based on the Hamiltonian for a particle interacting with two quantum pointers serving as basic measurement devices. The corresponding dynamics leads to a pointer-based ToF observable for the operational momentum of the particle. We can consider single measurements of our quantum pointers and show that this process will result in a state reduction for a single particle being downstream of the time-of-flight setup.
I. INTRODUCTION
The quantum formalism [1] [2] [3] has outstanding efficiency and elegance: a small set of axiomatic rules explains the vast majority of known experimental data.
In contrast to this enormous success some basic operational concepts, which are straightforward in classical physics, are by far not so obvious in quantum mechanics [4] [5] [6] [7] [8] [9] . Using well-established mathematics we can extract classical information from a quantum system. It is a standard technique to represent the quantum state in a basis of eigenstates corresponding to a certain observable and hence to specify the statistics of the measurable values.
The other approach is operationally less known and typically much more complicated [8] . If we measure a set of classical values, for example positions and momenta [10] , what will these data reveal about the underlying quantum system? This question becomes quite obvious in the conception of a classical state versus a quantum state. For the classical state of a particle we measure a single point in phase space, which has a simple operational meaning. In the quantum case we have to reconstruct a complete phase-space distribution [11, 12] , like the Wigner function, from infinitely many quadrature distributions [13] [14] [15] .
Closely related to this topic is the problem of simultaneously measuring conjugate observables [16] [17] [18] . Classically, the simultaneous measurement of position and momentum is operationally simple and in fact leads to the aforementioned classical state of a particle. In quantum mechanics, one can formulate various operational scenarios which all mean a certain kind of simultaneous measurement, but with different results and, for example, very different uncertainty relations [19] [20] [21] [22] .
A similar situation can be found for the time-of-arrival problem [23] , which also has a straightforward answer in classical mechanics. However, in the quantum case [24] [25] [26] [27] [28] [29] [30] it becomes a complicated foundational issue, questioning the role of time in the theory [31] [32] [33] [34] [35] . In fact one * fabio.di-pumpo@uni-ulm.de needs several operationally defined time-of-arrival operators.
In the present contribution we ask a question touching this time-of-arrival problem: How can we operationally define the momentum of a non-relativistic quantum particle? Our answer cannot be that we have to decompose the corresponding quantum state in terms of momentum eigenstates from which one is selected in a ad hoc statereduction process. We rather start from the naive operational concept of momentum in classical physics, basically set up with time-of-flight measurements. We transfer them to the quantum realm as closely as possible using two pointer systems [1, 5] coupled to the particle as proposed by the von Neumann model [1] . By analyzing the joint dynamics of these three systems we can define a ToF observable, which allows us to describe the particle in momentum space without referring to the abstract momentum operator. Actually, we expect that by simply reading off the pointers we assign a specific momentum to the particle, that is we obtain a reduction of the corresponding wave packet in momentum space.
The work is organized as follows: In Sect. II we define the ToF operator, motivated by a classical time-of-flight concept [23] . To achieve this operational quantity, we construct the full three particle Hamiltonian including the interaction between pointers and system and solve the corresponding dynamics in the Heisenberg picture. We then discuss in what sense the expectation value of this ToF observable reveals meaningful information about the mean momentum of the particle. In Sect. III we analyze a single ToF measurement value and answer the question if a single position measurement on each pointer defines a reasonable momentum of the particle and hence leads to a state narrowed down in momentum space. For this purpose we change to the Schrödinger picture and calculate the conditioned post-measurement momentum and the corresponding variance to see the mentioned state-reduction process. In Sect. IV we summarize our results and give an outlook for further studies based on the presented model.
II. TIME-OF-FLIGHT MEASUREMENTS

A. Classical versus quantum time-of-flight measurements
Our aim is to model the measurement for the momentum of a free quantum particle. In classical mechanics such measurements are based on simple time-of-flight (ToF) concepts, see Fig. 1a : We fix two detectors at positions X 1 and X 2 > X 1 . For a particle of mass M we then obtain a mean momentum
where t 1 and t 2 are the times measured when the particle passes the positions X 1 and X 2 . Obviously, in this naive classical case a time difference is measured while the positions of the detectors stay fixed. Starting from this naive classical scheme, we have to interchange the role of time and position in a possible ToF scheme in the quantum case, see Fig. 1b : Now we fix two times t 2 > t 1 at which we determine the probabilistic positions of the quantum particle which is now described by a wave packet. Moreover, in the quantum case we will also include the detectors themselves as simplified quantum devices [36] . Despite such an exchange of measurement principles, we can still see the analogy between classical and quantum time-of-flight measurements. These considerations allow us to formulate the quantum counterpart of a mean momentum,
in which the operatorsx i will describe what we can read off the measurement devices. In what follows, we will develop an operational definition of these position-like operators.
B. Quantum pointers
As already mentioned, we will include measurement devices as additional quantum systems, here called quantum pointers. We will keep these pointers as simple as possible. They just have to be coupled to the particle if we want them to record any measurement data.
A basic concept goes back to von Neumann [1] . The idea is that an observableÂ =Â † of the particle to be measured unitarily displaces the position of the pointer. The corresponding displacement operator then readŝ
where κ is a constant determining the coupling strength andp denotes the momentum operator of the quantum pointer. In the lower scheme (b), the particle is in a quantum state, represented by a wave packet. Moreover, we also assume the detectors to be quantum devices. Hence, we can no longer fix their positions but rather define times t1 and t2 for which probabilistic positions are registered. As a consequence, we obtain a meaningful ToF observable for the momentumP, Eq. (2), of our particle.
In particular, if we choose the position operatorÂ =X of the particle in Eq. (3) and the operator acts on the states |Φ and |ψ of system and pointer, respectively, we find the displacement
in position representation using the eigenstates |X and |x . Thus, we obtain a displaced probability density |ψ (x − κ X)| 2 of the pointer which depends on the position eigenvalue X of the particle. This displaced probability density allows us to obtain information about the statistics of the position observableX of the particle by measuring the position observablex of the pointer. Clearly, we have to know the initial state |ψ of the pointer.
A simplified interaction Hamiltonian that leads to the unitary operator in Eq. (3) is of the form
where f (t) is a time-dependent coupling function which will be specified later for our particular ToF scheme.
C. ToF-Hamiltonian and scaling
Having established the basic form of an interaction Hamiltonian, Eq. (5), between a single pointer and the particle, we now formulate the total Hamiltonian of our ToF model which requires two pointers, denoted by index i = 1, 2. First we have the free evolution
of all subsystems, whereP andp i are the momentum operators of the particle with mass M and the pointers with masses m i for i = 1, 2, respectively. Additionally, two time-dependent interaction terms of the form of Eq. (5) between the particle and both pointers appear in
with the coupling functions f i (t) andÂ =X to model the ToF idea of Fig. 1b . That is, the functions f i (t) will produce an appropriate time-ordered coupling of both pointers to the particle. This result leads to the total three-particle ToF-Hamiltonian
Before solving the corresponding dynamics, we define dimensionless observableŝ
where the constant a denotes a length scale which can be chosen to be the initial width of the particle's wave packet. Besides, we also use a dimensionless time t given by
in which M a 2 /h represents a typical spreading time of a wave packet over the length scale a.
D. Dynamics
In order to find a suitable definition for our ToF observable, Eq. (2), we now evaluate the dynamics given byĤ (t), Eq. (8), in the Heisenberg picture. The corresponding equation of motion
for an Heisenberg operatorÂ (H) (t) will be written in the aforementioned scaled variables where from now on we omit the prime for clarity. We then find the specific set of equations
and
where we have also suppressed the superscripts related to the different pictures, since we solely consider the Heisenberg picture. This set of equations can be solved in a straightforward manner. The momenta of the pointerŝ
are constants of motion. Then, we find the observableŝ
of the particle, where we have introduced the timedependent coefficients
For the position observables of the pointers we arrive at a slightly more involved expression
We can clearly see that the pointers now contain information on the particle's positionX (0) and momentumP (0). However, also the pointers influence each other in a time-ordered manner, which becomes apparent in the coupling integrals over the products f i (τ )b j (τ ) in Eq. (17) .
In order to solve the integrals in Eqs. (15) and (16) 
where at time t i the coupling acts instantaneously with the coupling constant κ already introduced in Eq. (3). Furthermore, to realize a time-of-flight measurement the second coupling has to act after the first one. Finally, we read off the pointers at time T . Hence we require the time sequence T > t 2 > t 1 > 0.
With this choice, we can evaluate the observables at the readout time T . For the particle we find
andX
while we obtain for the position observables of the pointerŝ
The second pointer experiences a perturbation from the first pointer because both pointers are coupled via the particle. Therefore, the time ordering of the quantum ToF concept becomes important. It is noteworthy that we can measure the observableŝ x 1 (T ) andx 2 (T ) simultaneously because they commute.
E. ToF observable
Based on this result we can now define a ToF observable in analogy to the classical time-of-flight measurement, Eq. (1), for a free particle. In dimensionless form this observable readŝ
Inserting the time-evolved position observables of the pointers, Eqs. (21) and (22), in the ToF observable yieldŝ
Furthermore, we can always prepare pointers for which the mean initial positions and momenta vanish, that is
With this assumption, we obtain the expectation value (23) and (26) we have to assign the ToF value
to the outgoing particle. To further examine this singlerun scenario, we change to the Schrödinger picture and derive the state of the total system after both couplings and after a specific measurement of the pointers. This picture allows us to analyze in what sense a single value of our ToF quantity, Eq. (27), defines a meaningful momentum of the particle being downstream of the ToF measurement. Our expectation is that reading off the pointers and attaching a certain value P out to the particle shows two effects: (i) The conditioned wave packet of the particle being measured will be centered around the assigned momentum P out and (ii) the corresponding width will be narrowed down compared to the initial width before any measurement. We examine both points in the following paragraph.
B. Initial states and time evolution
For the initial state of the particle we choose the realvalued Gaussian
in momentum representation, in which P 0 is the initial mean momentum and ∆P 2 0 the corresponding variance. For simplicity, we assume the particle to be prepared such that the initial mean position vanishes.
The pointers are initially described by separable, realvalued Gaussians
in position representation obeying Eq. (25) for i = 1, 2. We note that these pointer states, Eq. (29), represent minimum uncertainty states, for which the equality ∆x 
to find the time-evolved state
of our three coupled system at readout time T , for which we still require T > t 2 > t 1 > 0. Note that this state is again Gaussian, since the interaction, Eq. (7), just contains bilinear terms. However, the interaction will entangle particle and pointers, so that the explicit expression for Eq. (31) will be rather lengthy and will not be given here. Nevertheless, we now have a time-evolved state which depends on position variables x 1 and x 2 of the pointers. Hence we can study various conditioned states of the particle in dependence of specific values x i found in a single measurement run.
C. Conditioned state via ToF measurements
To investigate the conditioned state of the particle, we compare probability densities of the particle with and without a measurement of pointer positions. Initially, the probability density of the particle is given by | Φ (P ) | 2 using Eq. (28) .
If both pointers have been coupled to the particle, but we do not read off their positions, which means that we trace over the pointer systems, we arrive at the momentum probability density
for the particle. The momentum width
corresponds exactly to the variance of the momentum operator, Eq. (19) , in the Heisenberg picture, if we consider an initial state in the form of Eq. (30). This result clearly indicates the expected disturbance by the pointers: Without observing the coupled pointers we simply add noise to the particle. Furthermore, the mean momentum P 0 is not affected by the coupling of the pointers and we see that the limit κ → 0 of vanishing coupling leads to the initial momentum distribution | Φ (P ) | 2 . The next step is to examine a truly conditioned probability density of the particle after a specific measurement of the pointer positions x i , i.e. after assigning the ToF value P out , Eq. (27), to the particle. We expect that this measurement leads to a meaningful momentum description for the particle. To confirm this expectation we use Eq. (27) to eliminate x 2 in the time-evolved state, Eq. (31). Then we trace over the first pointer, renormalize the expression with a constant N and finally arrive at the conditioned momentum distribution
of the particle. This momentum distribution is still Gaussian with a conditioned mean P c and a corresponding uncertainty ∆P 2 c . Ideally, we would expect that P c coincides with the measured value P out . Actually, in our ToF model we obtain a small linear deviation between the two quantities which can be written as
The gradient d (α) depends on all parameters of a specific measurement setup, which means
T . Instead of presenting this involved expression explicitly, we plot the gradient d (α) in Fig. 2 as a function of pointer width ∆p = ∆p 1 = ∆p 2 and initial width ∆P 0 of the measured particle. These parameters actually describe the quantum mechanical content of our ToF scheme. We clearly see that the deviation, Eq. (35), is small and for a particle with broad momentum distribution, which means ∆P 0 → ∞, it even vanishes. Moreover, we also emphasize that in the statistically most relevant case [37] we always get P out = P 0 = P c , regardless of all other parameters of the setup.
It remains to be shown that the width ∆P c shrinks under the condition of a specifically measured ToF value P out : Once we acquire the information from the pointers, we reduce the momentum representation for the state of the particle. We illustrate this effect in Fig. 3 for a set of parameters α which have also been used in Fig. 2 .
The conditioned momentum distribution, Eq. (34), turns out to possess a considerably reduced width compared to the initial distribution based on Eq. (28) . In fact, this behavior can be seen for a ToF value P out = P 0 as well as for the less probable cases where we find P out in the wings of the initial distribution. We also note that the small shift P c − P out , Eq. (35), is hardly visible in Fig. 3 .
Moreover, we obtain the general result that the postmeasurement width ∆P c is independent of the initial mean momentum P 0 of the particle and the measured momentum P out . This result means that once we have fixed the parameters of the ToF apparatus including the pointers, the post-measurement width ∆P c only depends on the initial width ∆P 0 of the particle.
However, this dependence has an additional subtlety: By looking at the principle of our ToF scheme depicted (35) as a function of the quantum mechanical widths ∆p = ∆p1 = ∆p2 and ∆P0. The ToF setup is given by the parameters κ = 1, t1 = 0.5, t2 = 1.5, T = 3, M/m1 = M/m2 = 0.1 and a mean momentum P0 = 100 of the particle. In particular we emphasize that this gradient disappears for the initial momentum width ∆P0 → ∞ of the particle.
in Fig. 1 we can understand that the relation ∆P c < ∆P 0 will not always be true. An initial wave packet being already quite narrow in momentum space will be spread out over the x-axis. Hence, the displacement of each pointer, Eq. (4), will fluctuate in a wider range resulting in less accurate information about the particle's momentum downstream of the ToF apparatus. This effect is exactly what we see in Fig. 4 where we picture the relative width ∆P c /∆P 0 as a function of the initial width ∆P 0 of the particle and the initial width ∆p of both pointers. If the initial wave packet reaches a critical uncertainty in momentum, we always observe a conditioned wave packet being narrower: Asymptotically, i.e. ∆P 0 → ∞, the relative width ∆P c /∆P 0 always vanishes.
IV. CONCLUSION
In this work we have presented an operational quantum model for momentum measurements. It is motivated by classical time-of-flight concepts. Based on a pointer formalism we have defined a ToF observable and then derived a general expression for the mean momentum of the particle. Furthermore, we have examined single momentum measurements based on this ToF notion. We have found that a conditioned post-measurement momentum distribution of the particle will be located around the ToF value. The reduced post-measurement width of the particle has turned out to be independent of the initial mean momentum of the particle and the measurement outcome: It is solely a function of the parameters defining the ToF setup. The process therefore replaces the ad hoc collapse of the particle's state to a momentum eigenstate. Fig. 2 and we have chosen the widths ∆P0 = 150 and ∆p = 30. The dashed line now indicates the measured value of Pout. We clearly observe that the post-measurement distribution (red solid curve) becomes narrower than the initial distribution (blue dotted curve). This effect is independent of a specific measurement result Pout, which might be in the center (a) or in the wings (b) and (c) of the initial distribution. Hence our ToF scheme leads to a "reduction" of the wave packet in momentum space. ∆Pc/∆P0 Figure 4 . In this figure we compare the conditioned postmeasurement width ∆Pc from Eq. (34) to the initial width ∆P0 of the particle. The ToF setup is again defined by the parameters used for Figs. 2 and 3 . Depending on the width ∆p of the pointers we recognize that the relative post-measurement width ∆Pc/∆P0 only shrinks, that is moves below the indicated critical plane ∆Pc/∆P0 = 1 (transparent red) if the initial wave packet of the particle is broad enough in momentum space. However, from such a critical value on we clearly discover that a single ToF measurement reduces the wave packet.
The optimization of the post-measurement width as a function of the initial width of the particle with respect to all parameters of the apparatus including the pointer states will be an interesting starting point for further work. Besides, also the small shift between the post-measured mean momentum and the measurement outcome could be considered for optimization. Another crucial point which has not been treated in this work is entanglement of the pointers: In order to further understand the use of quantum mechanical measurement resources it would be possible to discuss initially entangled pointer states. One can then analyze if these states lead to an even smaller post-measurement width or to a smaller shift between the post-measurement mean momentum and the measurement outcome.
Finally, a promising approach towards an operational description of ToF momentum measurements would be the idea of operational time observables defined and investigated for example in Refs. [24] [25] [26] [27] [28] [29] [30] . Instead of using fixed coupling times as in our model, we could replace them by an operational time observable and analyze if this ansatz still leads to meaningful momentum values and a state reduction.
